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Simple Kinetic Model of Symmetry Breaking
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We consider a dynamical system described by a set of random variables
Ni(¢) and depending on a parameter R controlling its stability. If R < R,
the system is stable and the N, have some symmetry properties in the
statistical sense (i.e., with respect to time averaging). If R > R, the system
is unstable and the nonlinear dynamics of the N; may lead to an asymptotic
stationary state which does not possess the symmetries of the stable system.
We show that the dynamics of symmetry breaking resembles a phase
transition in the limit of many variables.

KEY WORDS : Benard convection ; Volterra equations ; symmetry break-
ing ; nonequilibrium fluctuations.

1. INTRODUCTION

Many systems in physics and nonphysical sciences show the phenomenon of
symmetry breaking: e.g., the appearance of organized patterns in nonequilib-
rium fluids (Benard and Taylor cells, structures produced by oscillatory
strains in a viscoelastic fluid®:3:®) and the laserlike phase transition predicted
at thermal equilibrium in a many-body system described by the Dick Hamil-
tonian.® These various systems usually depend on some external parameter A
such that the dynamics exhibits a bifurcation at a critical value A = A,. The
equilibrium state at A < A, possesses some symmetry property in the statistical
sense {or is invariant under a definite group of transformations), this property
being lost at A > A,. However, the kinetics of the symmetry breaking is
essentially unknown, and we propose to investigate it on a simple and
solvable model: a set of p ordinary differential equations of the Lotka
Volterra type. A salient feature we want to show is that in the limit of large p
(i.e., of many degrees of freedom) the system keeps its initial symmetry during
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a very long time (compared to the inverse of the instability rate), staying
quasistationary. Then, the kinetics changes abruptly, leading to the final
asymmetric equilibrium.

2. THE MODEL

We consider a system described by p variables N,(z) evolving in time
according equations of the form

D
N; = Ni[}’i - Z Viij] + 5 )
i1

where y; and »;; are positive coefficients and the s; are positive fluctuating
source terms.

The linear growth rates y; depend on external constraints and may vary
in time. When the y; are negative and constant the amplitudes of the N; are
damped in the absence of source terms. These are able to establish a statistical
equilibrium. The symmetry property we shall assign to our system is that this
statistical equilibrium is invariant with respect to any permutation among the
N;. This will be achieved by imposing the following conditions:

(a) The v; are i independent:
Yi=vy (2a)

®
v = w(li = j]) (2b)

(c) The s; themselves possess the symmetry property in the statistical
sense:

{sp =56 (32)
{8;8;» = function of {i — j| (3b)
M+p = N,' (4)

Now, we assume that, in a real experiment, the external parameters
cause y to vary in time in the fashion shown on Fig. la. If Az is small enough
(At y « 1) the dynamics will be correctly approximated on long time scales by
considering a function y(¢) whose graph is a step function (see Fig. 1b):

_ Iy t<0
a={" 150 )
Before the onset of instability (f < 0) the amplitudes of the N, are damped
(in the absence of source terms), and any particular realization {V,} is short-
lived. The statistical equilibrium is essentially determined by the dynamics of
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(a) (b)
Fig. 1. Shape of ¥(¢).

the s;, which ensures that at any time the symmetry property is preserved.
At ¢t = 0 a particular realization {N,°} (among all possible fluctuating con-
figurations {N;°}) is present, which is not invariant with respect to the
permutations of N; (the symmetry property is only a statistical one). The
amplitudes of the N,° are no longer damped, and they grow for ¢ > 0. The
deterministic evolution would lead the system over some characteristic time #5
toward an asymptotic stationary state with broken symmetry. We shall show
in Section 4 that if the amplitudes of the s; are small enough, and if other
specific conditions are satisfied, the system remains weakly fluctuating
around the deterministic solution (starting from N,° at time zero). Therefore,
we first study the evolution of the deterministic model.

3. THE DETERMINISTIC EVOLUTION
The equation of motion of the deterministic model are

Ni = ’)’Nt - N,z VUNj (63)
7

Nt =0)= N° (6b)

Equations (6a) and (6b) are of the Volterra type, and we have studied
their properties in a preceding paper® from a more general point of view
(arbitrary v;; and i-dependent growth rates). The particular features of our
model (which must be fulfilled in view of the study of the dynamics of
symmetry breaking) are (i) the growth rates are all equal, y; = y; and (ii) the
v;; are symmetric v;; = v;;.

It is known that property (ii) implies the existence of a Liapunov function
H = 2;yN; — % >,;v;N,N,, whose time derivative is positive definite at any
time.” It can be shown® that this fact rules out any kind of cyclic or ergodic
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behavior of the solution curve of Eqgs. (6a) and (6b) in the space of the N;,
and the trajectory tends asymptotically toward an equilibrium point. There
exists a set of equilibrium points, which is obtained by setting the right-hand
sides of Egs. (6a) and (6b) equal to zero. It is defined by

N.=0 for ie{qg}
{q} being an arbitrary subset of the p modes,
DvwNy=vy for ije{p—q}

J

the various equilibria being relevant only if their components N; are all
positive [it is indeed easily seen that, starting from positive initial conditions
Ni(t,), the trajectory remains in the positive half-space of the N; (see Ref. 2)].
Now, we have shown‘? that the condition

v > vy Vi, j @)
implies that all the above equilibria are unstable, except the one-mode
equilibria. An equivalent statement of this property has been given by
Haken® in the case of a simplified form of the »,;. Moreover, the existence of
the above-mentioned H function ensures that this asymptotic state is actually
attained whatever be the set of initial conditions.

An additional obvious remark on the structure of Egs. (6a) and (6b) is
that a flat initial distribution [N,(¢,) independent of i] remains flat during the
evolution (this is due to the symmetry properties of the system). Therefore a
solution with broken symmetry (i.e., a one-mode solution) appears because
the random set of initial conditions is itself never exactly symmetric (with
respect to the permutation of i indices) at the microscopic level.

Since the essential morphological properties of Egs. (6a) and (6b) are
properties (i) and (ii) supplemented by conditions v;; > v; (j # i), we have
been led to study a simpler model obeying the above constraints, but whose
mathematical analysis is easier. This model is defined by considering constant
coefficients of interaction except for the terms v;;. Therefore, we write

Vig = "0[(1 +B) -8B 8“’] ®
Therefore, v;; has the shape represented in Fig. 2. Then, taking »~* as unit

time and making the change N; — vy 'N; [s; — 5 = (vo/y)si], we can write
Eq. (6) as

N; = [1 -B+1 ,-2 N; + ,BN,}Ni ®

Introducing new variables U; = f ¢ Ny(t") dt’, we can formally integrate Eq. (9)
as

N, = U, = N,° exp(BU)) exp[t - Zp a+ ﬁ)Uk] (10)
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v(6-8D

Fig. 2. The angular dependence of interaction kernel (|6, — 8,]) when B;; = C*.

from which we obtain that

i j

where g(¢) is function of time, but not depending on index i. Integration of
Egs. (11) with initial conditions U;(0) = 0 and g(0) = 0 gives

1 — e 1 — et
g(t) - Nio - Njo = (12)

from which
Ni(#) = B~*N%()/[1 — N,%g(1)] (13)

Let us remark that a consequence of Eq. (13) is that if several occupation
numbers N;, N;,... are initially equal, they remain equal at any time.

The existence of function g(¢) permits us to reduce the kinetics of the set
of the N, to the kinetics of one variable. Indeed, we can eliminate the U, with
the help of Egs. (12) and (13). Then Eq. (10) may be rewritten in terms of g(¢)
as

b
g=pe] [ = Nogy (14)
=1
with ¢ = (1 + B)/B. Equation (14) may be integrated over time, giving
g d ’
ed—1= f J—, 15
, [0 - Nogy )

and the kinetic problem is then reduced to a study of the function ' = F(g).
However, tractable expressions for the integral in Eq. (15) do not exist and
it is easier to work on the differential equation (14).

Since B is positive and g(0) = 0, we see from Eq. (14) that g(0) > 0 and
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£(¢) remains positive until g(¢) reaches the value (N,°) 1, with N,° = sup{N,%}.
It is easily seen that g cannot reach this value at finite time. The asymptotic
evolution is obtained by replacing g by (N¥,% ~* in each factor entering Eq. (14)
except in (1 — N,%). We obtain in this way
O\
¢ 2 0TI (1 - ga) b = ooy (16)
- TEA A
Putting ¢, = 1 — N,%, the integration of Eq. (16) yields
NO\»
Ve ~ N;’g (1 - N'TO) ¢t
Using Eq. (13), we conclude that N;., — 0, Ny, — 1 when ¢ — co. Therefore,
we verify the general result, which was stated above in the case of arbitrary
(symmetric) »;; that the asymptotic evolution leads to the survival of only one
species.
In order to obtain more information on the overall evolution we shall
first consider the simple case where the initial distribution is flat [N,(¢) = r,].
Equation (14) thus reduces to

g = Be'(l — nog)™ %))
and its solution is
L= nog = [1 + (p — Dfno(e’ — 1]~He (18)
from which
t
Nty = N(2) = Noe (19)

1+ (pp — DBno(e" — 1)
A sketch of the curve g(¢) is given in Fig. 3, where one sees that, after a linear
stage of exponential growth [g(¢) ~ B(e' — 1)], during a time interval

1110%| 9

t
1200 sec

Fig. 3. The evolution of g(z) in the case of uniform initial spectrum N;(0) = 10-3,
p = 100,
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tr, ~ log(1/puny) we enter the nonlinear regime where the growth is much
slower, 1 — nog(pupPnee’) " (for large p). The evolution of N(¢) is repre-
sented in Fig. 4, the two curves corresponding respectively to the case where
the initial value n, is (a) smaller or (b) greater than the saturation value
1/B(pp — 1) [we shall concentrate on case (a) in the following].

We want now to study the kinetics of many modes (p large), with arbi-
trary initial distributions. It is helpful to consider the particular case where
the initial spectrum is uniform, except for the Ath mode, whose occupation
number is larger (N; «» = 1%, N,° = n,, n, > ng). The corresponding equation
for g is

g = Be(l — nog)™(1 — mg) (20)
The form of Eq. (20) suggests, in the limit of large p, that the kinetics is con-
trolled in a first stage by the factor (I — n,g)"*, as long as (1 — n,g)* is not
too small. Later we enter the asymptotic stage, during which g(z) obeys the

asymptotic equation (16) in the case N, ., = n,. We can give an evaluation of
the first stage by considering the logarithmic derivative of Eq. (20), namely

b4 . nA PHo
= =1 - + 21

g "‘g<1—nAg I—nog) @h
The first stage will be defined as the time interval during which the ng, term is

small compared to the n, term in Eq. (21), and an order of magnitude of the
duration of this stage is obtained by writing

LN Py 2
~ a
1 — ng(te) 1 — nog(ts) (222)
N(t) 1
2
PP@/,
Nﬂ
t
N{t) b
NO
-i \
prp
Fig. 4. The two kinds of evolution of N(z) in the case
of uniform initial spectrum: (top) N(0) < 1/ppB;

(bottom) N(0) > 1/puB.
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and by assuming that g(z;,) is still given by expression (18), i.e., according to
the “homogeneous kinetics.” Then, #; is given by

n —-pi n - {pu)
P#ﬁnoet”~( —n—") —1~( —n—") (22b)

A A
(for large p).

In the two limiting cases ny/n, = 1 — 7 and nyfn, = 7 [where (pp)~* «
« 7 « 1], one obtains, respectively,

nofmy = 1 — 1, tz ~ pplog(l/m) (22¢)
nofny = 7, tr ~ pun (22d)

The two stages of the kinetics of g(¢z) are pictured in Fig. 5.

In the limit of large p, g(z) first grows exponentially, then for ¢ > £, we
have a quasistationary stage where the evolution is not qualitatively different
from that defined by solution (18). During the same time interval Ny(¢) and
N,(¢#) grow monotonically, very soon reaching the homogeneous saturation
level (ppB) =1, while N,(¢) is still slowly growing [according to expression (13)
and taking account of the growth of g for ¢ < #z]. For time ¢ of the order of
ty the (1 — m,g) term becomes important in Eq. (20); the g(¢) curve departs
from the homogeneous curve and tends to approach its asymptotic limit
g(©) = 1/n, (see Fig. 4). After a transient time Ar the kinetics obeys the
asymptotic equation (16). We want to show, through a short (but rough)
argument, that A¢/t; — 0 in the limit of large p. A majoration of A may be
obtained in the following way. Let us pute, = 1 — n,g(¢z). We shall evaluate
the time ¢, + Ar at which e appreciably deviates from its initial value (say

2104 |9

t
250 sec

Fig. 5. Evolution of g(¢) in the case of 1000 equal initial values [No(0) = 10~-%] and one
different one [N;(0) = 10~%]; the dotted curve represents the evolution of g in the case
of uniform initial spectrum [Ny(0) = 10-5].
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m

t
1200 sec

Fig. 6. The evolution of Ny(z) and Ni(¢) for No(0)/Ni(t) =1 — 7, p = 100, = 102,

ex—> €2 = €,/10) when one assumes that (¢) evolves according to the
slowest kinetics, namely the asymptotic one. We obtain, using Eq. (16),

A ] = ()M — () 1% (1 _ i’ﬂ)_pue-tk

ny

e

According to Eq. (22b), e~*=(1 — ny/n,)~?* ~ puBn,, and we have
(&)™ = ()7 23

[ON

et — 1 e = (pupno)

with €, & (1/p)(ma/ne — 1).

Therefore, we conclude that Az < log p for large p. Using the above
evaluation for t5, Atfty < (log p)/p for p — o0. Since the decay rate of Ny(z)
in the asymptotic stage is of the order of unity [cf. Eq. (16)], we conclude that
the selection of the A mode in the vicinity of # = ¢, takes a vanishingly small
time (compared to the overall time #; characterizing the kinetics). This
behavior recalls a phase transition. Numerical calculations on Eq. (20) confirm
the above conclusions. We show in Figs. 6 and 7 the evolution of Ny(¢) and
N,(r) in the two limiting cases ny/n, = 1 — n and nefn, = 7.

10-3 10-1
No N'I

o]

nl]

t
250 sec

Fig. 7. The evolution of No(t) and Ni(z) for No(0)/Ny(0) = 7, p = 1000, 7 = 10-2.
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Let us finally consider the general case where the initial spectrum
n; = N;(0) is characterized by its average value Ny(0) = n, [7,(0) = ny + n;]
and its mean square deviation o = (1/p) > (8m;/n,)? [later we shall consider
an average over a statistical ensemble of independent random variables N,;(0)]
and by the data of n, = sup{N,(0)}. Assuming a relatively small dispersion,
we obtain the following expression for /¢ [after using a first-order expansion
of the (I — N,%) factors (i # A) in terms of dn;g/(1 — n,2)]:

2N

= ol e+ o=t (3)] 2 @

We see that the evolution is quasi-*“homogeneous” if pe?n,2g/(1 — nyg)? <
pho. If my « ny (which will usually be the case for statistically independent
N;°), this condition reduces to n,g < 1/02. Taking account of a dispersion of
initial values N;(0) around n, will noticeably modify the kinetics only if n,g
reaches the value 1/0? before the value 1/n,, that is, if 1/ng0® < 1/n,.

Finally, we say a few words on the more general problem where the
interaction kernel v;; actually depends on |i — j|.

We shall consider, as an example, the case where the v;; take the form

Vig = 1 +/8ij - IBH - Bij

where
8, = (5 + cos 6;,)*(1 — cos 6;,)*
77 (5 + cos 6,)° — (27/4)(1 + cos 6,;)

4 (5 — cos 0;)%(1 + cos 6;,)
(5 + cos 6;;)° — (27/4)(1 — cos b))

(25)

where 0,; = 6, — 0;. Here 0, is a characteristic angle associated with ith
populations. This example comes from the hydrodynamics of Benard con-
vection, and the above v;; are the interaction coefficients between roll struc-
tures along directions 0; and 6,.® We comment on this question in our
conclusion.

A simple analysis of the kinetics is no longer available, and the detailed
form of the function v(|i — j|) plays a role. The main features of the kinetics
remain the same as in the above simplified model, and, in particular, nu-
merical integration shows (see Fig. 8) the tendency, for large p, to a three-step
evolution: (i) the linear growth of the initial spectrum, (ii) the quasisaturation
of the N, during a time roughly proportional to p, (iii) a sudden catastrophe
where all the modes but one disappear.

However, a new feature is now possible: the selected mode is not always
the one whose initial occupation number is maximum. Taking account of the
monotonic decrease of (|6, — 6,|) (excepting the hole at the origin), we may
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1Ni

4]

_x{ t

100 sec

Fig. 8. Evolution of 20 species obeying Eq. (12) with the true Newell-Whitehead kernel
(only two species evolutions are represented). The initial values are Ni{0) =
exp[—( — 1)%/1000] x 10-%.

expect that, starting from an initial distribution with many modes around
some value 6,, plus one mode at 6; well separated from 6, with smaller
occupation number N; (see Fig. 9), we obtain the selection of N, through
nonlinear competition. Indeed, the growth of the isolated mode is less
impeded by its interactions with the other modes than is the growth of any
mode inside the main packet with stronger mode-mode interactions inside
the packet [v(|6; — 8,]) at small angles is large]. Numerical integration of
Eq. (9) confirms the existence of this phenomenon (see Fig. 10).

We add the following general comment. The discontinuity of the
Newell-Whitehead interaction kernel v;; at i = j results in v; < v, (i, j) and
therefore ensures that only one-mode equilibria are stable. One can study a
continuous version of Egs. (6a) and (6b), namely an integral equation of the
form

8,N(6, 1) = N(0, t){ f o8 — 8IN(E, ©) dG'}
for suitable analytic forms of the kernel «(]6]). It can be shown that if «(]6])
is a monotonic decreasing function of 6, one obtains, starting from an
arbitrary initial angular distribution N (6, 0), an asymptotic isotropization of

the distribution.

N;

0;

Fig. 9. Qualitative shape of an initial spec- I l ’ ' ‘ l I l , l
trum leading to inversion phenomena. eo 9,
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t
80 sec

Fig. 10. Numerical simulation of the inversion phenomenon. The initial values of the
seven modes are 10-% 9.5 x 1075 8.5 x 1075 3 x 1073, 7 x 1075, 2 x 10~5,
5 x 1078,

4. THE EFFECT OF THE FLUCTUATIONS

4.1. General Considerations

In the preceding section, we have described the evolution of inhomo-
geneous initial conditions, i.e., of an asymmetric initial state of the system
(with respect to permutations of the ;). We showed the difficult merging of
an initially larger population competing with many others, but we have not
really pictured a symmetry-breaking process. We could find the analog of the
phase transition with broken symmetry of a physical system with many
degrees of freedom (such as the superconductivity transition). In order to do
that we must restore the fluctuations. Indeed, it is clear that in the thermal
system the initial symmetry property is of a statistical nature (it does not exist
at the microscopic, fluctuating level). At the time ¢ = 0 when the physical
parameter controlling the bifurcation reaches its critical value, the symmetric
state is destabilized, while there appears a new stable, asymmetric state.
However, the initial symmetry of the system demands that the symmetric
solution still exists (but is unstable). Therefore, the establishment of the final
state with broken symmetry may result from a competition between the
destabilized unstable and a disymmetric solution, grown from a disymmetric
fluctuating state which was present at ¢+ = 0. Such a phenomenon may be
described easily in our simple model by introducing fluctuations. These have
two effects:

1. They introduce a statistical distribution of the N,(0) at initial critical
time. Given the probability law of the N;(0), we can evaluate the relative
weight of any particular realization of the {N;(0)} set in the final state.
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2. They act in the kinetic equations through the presence of fluctuating
source terms, which are eventvally weakly perturbed by the growth of the
instability (for instance, in the case of the coupling of the system with a
larger thermal bath), Such terms tend to restore the initial symmetry of the
system.

Of course these two effects are usually not independent, but they may
act on very different time scales, especially if the characteristic time of the
instability is small enough.

We shall first consider the effect of initial fluctuations by giving a
reasonable probability law of these fluctuations: we assume the N,(0) = », to
be statistically independent random variables distributed around an average
value n, according a Boltzmann-like probability law:

S(msfng) = e~ (26)

Therefore, the probability law of the largest population #, is easily obtained
and is given by

a(X) =p(l — e Xp~le”® (X = m/ny) 27

p being the number of species. In the limit of large p, @(X) is sharply peaked
around X = log p. Now it results from the remarks at the end of the preceding
section that small enough fluctuations of the »; around n, will negligibly
modify the deterministic, two-component kinetics {n,, n,}. The condition of
small fluctuations (¢? < 7z,/n,) is obviously satisfied with the above proba-
bility law. Therefore, the time of catastrophe #; associated with a particular
realization of the set of , is still given by Eq. (22b), which gives in the limit of
large p, tp ~ p(nafng)~ 1. Averaging over initial #;, and using the probability
law (27), we find

tp ~ pllogp (28)

We now want to account for the effect of fluctuating source terms in the

kinetic equations and show that, under definite conditions on the magnitude

of these terms, the final state of the system will be only slightly fluctuating
around the deterministic state.

4.2. Qualitative Evaluation of the Effect of the Fluctuating
Source Terms

Let us first come back to the physical picture of the evolution when the
linear growth rate is steadily increased from negative values to positive ones
(Fig. 2). Aslong as y < 0 (¢ < 0) we expect an adiabatic evolution toward a
nontrivial equilibrium state slowly changing in time. This will happen if the
variation of y(¢) is sufficiently low (say, if ¥~ dy/dt is much smaller than the
correlation time of the ;) and if the s; and y are related through the usual
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fluctuation dissipation theorem. When ¢ > 0 the instability starts, and the
fluctuating source terms may drive, on the long run, our system far from
the deterministic one-population solution. Remember also that, neglecting the
possible effect of the instability on source terms, these terms tend to restore
the initial symmetry.

In order to study qualitatively the effect of the positive fluctuating source
term s in Eq. (1), we use the former simplified form of the interaction
coefficients

viy=0+p)— B3,

Therefore, we have to deal with

M= N N+ BN~ BN s 5=ty (9

Ny0) = N (29b)
Let us now set

Ni(t) = N(t) + 3N,(1) (30)

where N,(z) are the above solutions of the deterministic model starting from
the initial conditions (29b). The 8N,(¢) obeys the following equations:

P
i=1

- N[Z 1+p aN,] — aN,.[(l + B) 2 8N, — B 3Ni]
(3la)
3N,(0) = 0 (31b)

In the following we shall suppose, and verify later, that under convenient
conditions the nonlinear term SN;[(1 + B8) >%., N, — B 8N,] in Eq. (3la)
plays a negligible role in the kinetics. Therefore, the evolution equations for
the 8N; reduce to

» v
8N;~ s; + 8N, — SN,.[(I +/3)ZJV,-—2,9M] —MZ(I + B) 8N;
i=1 i=1

SN,(0) = 0

Now in Section 3, we have shown that for large p the evolution of N,
proceeds in three steps:

(a) An exponential growth for 0 < t < ty ~ log(1/pun,), at the end of
which N, are of the order of 1/pup.
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(b) A quasistationary stage for ty, < t < 5.

(¢) A final stage for t > t5, where all the N; but one suddenly vanish.

We shall give an estimation of the order of magnitude of 8N,(f) at the
end of these three steps.

It is easily seen that for ¢ < ty, the 8N, have an exponential growth and
that they behave for ¢ ~ #y, like

iNL
SN, ~ f e (tn, — 7) dr
0
If s is a characteristic value of the random positive functions s;, we
obtain an order of magnitude
SNi(tnL) ~ e™ts ~ s/ pung (32

It is also easily seen (taking into account the above renormalizations) that the
order of magnitude of n, is

no ~ sy~ |y

(See Eq. (5) for the definitions of y and y~.)
As a consequence, the SN; will be small at the end of the linear stage if

v[y pp L 1puB =y <y~ B

Now let us consider the quasistationary evolution, where the N, are all of
the order of (pufB)~1.
Equation (312) reads

SNi:s,-—i-SNi—SNi[ —Eﬁ]lzsm
prBip

281
~ 5 + SN, ) ;z SN, (33)

from which we obtain

. 2B }
SN;~ > s, — > 8N 34
LD NED R A GY
For large enough p the solutions of Eq. (34) always lead to a stationary limit
(S y~(Soy (35)
It is also easily verified that, after time T, the 8N, will be of the order of

Y 28
SNl(TR) ~ p—’u, ;‘_— €Xp !:m TE] (36)



48 J. Coste, J. Peyraud, and P. Coullet

With T3 of the order of pu, we obtain

1 v [ 28 J 1y
SN(Tw) ~ — L exp| = pul ~ — 2L 2
(7x) ey SR T+ B T oyt exp(+2)

Again, if y/y~ « 1, the 8N, will remain small during the quasistatic evolution.
Now let us consider what happens when the saturation is attained. We
have in this stage

from which we deduce
ON;=s5;+ 8N, — 8N J1 + Bl =5, — B8N, (i # k)

s + BN, — (1 + B) D 8N,

s — 8N, — > 8N,

FED

It is easily seen that for [ # k the 6N, tend to be such that

3N;(t) = fw e Fs5(t — 7)dr

0
from which
: Z SNj =f e~ b S_.,-(t —_ 'r) dr
itk 4] ik

with T3 of the order of pu, we obtain

W) ~ o Lewp| ]~ L Lep) D)

Again, if y/y~ « s the oN, will remain small during the quasistatic evolution.
Now, let us consider what happens when saturation is attained. We have
in this stage

N, =0, i+#k; N, =1 (38)

from which we obtain
8N, =85, — B8N, (i#k) (39a)
8N, = 8, — 8Ny, — 3N, (39b)

itk
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For i # k the 8N, behave for large 7 like

o)

SNi(t) ~ f et — 1) dr (402)
and
SN(1) = f TenS st — 7 de (40b)
ik 0 j#k

Inserting the above value of 3., 8N; in Eq. (39b), we obtain for large ¢

SN,(t) = Lw [Sk(t - f " oo Sost— -7 dT']e"’d'r 41)

0 jtk

In order of magnitude, we obtain

SN ~ sl (i#K); N~ —(’-’g—l - l)s @)

Obviously, the above evaluations are valid if
psiB« 1 (43a)
yly~ « 1 (43b)

[in order to justify the neglect of the nonlinear terms 8N, 8N, in Egs. (31a) and
(31b)].

Condition (43a) has the meaning that, in the equilibrium state, the
population of the dominant (or macroscopic) species must be much larger
than the amplitudes of the other fluctuating species.

5. CONCLUDING REMARKS

We have given some insight into the kinetics of symmetry breaking in a
simple dynamical system. Our model is certainly quite elementary, but it
points out important features, such as the long relaxation time and the sudden
transition in the limit of many variables. In the course of this paper we have
alluded to the problem of Benard convection. We think that it is an example
where these considerations find an interesting application, and suggest
experimental investigations. Of course, intrinsic difficulties must be solved:
essentially the problem of reducing the continuous hydrodynamic field to a
set of discrete hydrodynamic modes (whose intensities would be our N;), and
also of dealing with the slow diffusion of these modes in configuration space.
This study will be the purpose of a subsequent paper.



5

0 J. Coste, J. Peyraud, and P. Coullet

REFERENCES

1

1. F. H. Busse, Fluid Mech. 30:625 (1967).

2. J. Coste, J. Peyraud, P. Coullet, and A. Chenciner, Theor. Pop. Biol. 14:165 (1978).
3. S. H. Davis, J. Fluid Mech. 30:465 (1967).

4. R. Graham and H. Pleiner, Phys. Fluids 18:130 (1974).

5. H. Haken, Rev. Mod. Phys. 47:67 (1975).

6. R. Krishnamurti, J. Fluid Mech. 33:445, 457 (1968).

7. R. H. McArthur, Proc. Nat. Acad. Sci. 64:1369 (1969).

8. A. C. Newell and J. A. Whitehead, J. Fluid Mech. 38:279 (1969).

9. G. Vallee, Thése, Université de Nice (1977).

0. J. Swift and P. C. Hohenberg, Phys. Rev. 18:319 (1977).



